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Let X be a scheme of finite type over a field k, and X° C X the smooth part of 
X. Consider the scheme JC.{X) of formal arcs in X. The /c-points of JC.{X) are just 
maps Spec X. Let C°{X) be the open subscheme of arcs whose image is not 

contained in X \ X° . Fix an arc 70 : SpecA;[[t]] — > X in C°{X), and let C{X)j^^ be 
the formal neighborhood of 70 in C{X). We will give a simple proof of the following 



theorem, which was proved by M. Grinberg and D. Kazhdan [GK| for fields k of 
characteristic 0. 

Theorem 0.1. There exists a scheme Y = 1^(70) of finite type over k, and a point 
y G Yik), such that >C(X)^q is isomorphic to x Yy where Yy is the formal 
neighborhood of y in Y and D°° is the product of countahly many copies of the 
formal disk D := Spf k[[t]]. 

A convention. Throughout this paper, a test-ring ^ is a local commutative unital 
A;-algebra with residue field k whose maximal ideal m is nilpotent. If S" is a scheme 
over k and p G S{k) is a /c-point we think of the formal neighborhood Sp in terms 
of its functor of points A 1— > Sp{A) from test-rings to sets. For instance, ^-points of 
C{X)^g are A[[t]]-points of X whose reduction modulo m equals 70. 

Remark. C{X)^^ = C^Xi)^^ where Xi C X is the closure of the connected com- 
ponent of X° containing 7o(Spec /c((t)) ). So we can assume that X is reduced 
and irreducible. But Y is, in general, neither reduced nor irreducible (e.g., see the 
following example). 

Example. X is the hypersurface yxn+i + f{xi, ■ ■ ■ ,Xn) = and 7o(t) is defined 
by x^_^^i{t) = t,y^{t) = Xi{t) = . . . = x^{t) = 0. Then one can define Y to be 
the hypersurface /(xi, . . . ,Xn) = and y to be the point G y. Indeed, by the 
Weierstrass division theorem (alias preparatory lemma) for any test-ring A every A- 
deformation of x^^^{t) = t has the form x„+i(t) = {t — a)u{t) where a belongs to the 
maximal ideal m C A and u G A[[t]] is invertible. Given q, n, and xi{t) . . . , x„(t) G 
m[[t]] there is at most one y{t) G such that y{t)xn^i{t) + f {xi{t) , . . . ,Xn{t)) = 

0, and y{t) exists if and only if /(xi(a), . . . ,x„(a)) = 0. 

Proof of Theorem p.l| . We can assume that X is a closed subvariety of an affine 
space. Then there is a closed subscheme X' of the affine space such that X' D X, 
X' is a complete intersection, and the image of our arc 70 is not contained in the 
closure of X' \ X. Clearly C{X)^g = C{X')^g, so we can assume that X = X' is the 
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subscheme of Spec k{xi, . . . , yi, . . . , y^] defined by equations pi = . . . = pi = Q 
sucli that the arc 70 (i) = = , (t), . . . is not 

contained in the subvariety of X defined by det ^ = 0. Here ^ is the matrix of 
partial derivatives Let 7 be an ^-deformation of 70 for some test-ring A, so 

7(i) = {x{t),y{t)), where x{t) G ^[[i]]", G ^[[t]]'- Then by the Weierstrass 
division theorem (alias preparatory lemma) det ^{x{t),y{t)) has a unique represen- 
tation as q{t)u{t) where u € A[[t]] is invertible and g is a monic polynomial whose 
reduction modulo the maximal ideal m C A is a power of t. Let d denote the degree 
of q; it depends only on 70, not on its deformation 7. We assume that d > (oth- 
erwise we can eliminate y). The idea is to consider q as one of the unknowns. More 
precisely, ^-deformations of 70 are identified with solutions of the following system 
of equations. The unknowns are q{t) € A[t], x{t) G and y{t) G ^[[i]]' such 

that q is monic of degree d, q{t) is congruent to modulo m, and the reduction of 
{x{t),y{t)) modulo m equals 7o(i) = {x^ (t) , y^ (t)) . The equations are as follows: 

(1) det^ix{t),y{t))=Omodq, 

(2) p(x(t),y(t)) = 0, 

where p := {pi, . . . ,pi). (Notice that if (||) is satisfied then q{t)~^ det ^{x{t),y{t)) 
is automatically invertible because it is invertible modulo m). 

Now fix r > 1 and consider the following system of equations. The unknowns are 
q{t) € A[t], x{t) £ A[[t]]'^, and y € A[ty/{q'^) such that q is monic of degree d, q{t) 
is congruent to modulo m, the reduction of x{t) modulo m equals x^{t), and the 
reduction of y modulo m equals the reduction of y^ modulo f . The equations are 
as follows: 

dp 

(3) det — (x(t),y) = mod g, 

dy 

(4) p{x{t),y) G l^{q'-^{x{t),y) : A[tf/qA[t]' ^ q^ A[tf / q^+^ A[t]') . 

dy 

Condition (^) makes sense because p{x{t),y) is well defined modulo Im q^^{x{t),y). 
Notice that (§) is indeed an equation because it is equivalent to the condition 
Cp{x{t),y{t)) = mod q'^'^^ where y{t) € A[ty is a preimage of y and C is the 
matrix adjugate to C := ^{x{t),y{t)) (so CC = CC = detC). This condition is 

equivalent to the following equations, which do not involve a choice of y{t) G A[t\^ 
such that y{t) ^ y: 

(5) p{x{t),y) = mod q'^, 

(6) Bpix{t),y) = mod 

where B := ||(x(t),y); notice that (P) makes sense as soon as (|5|) holds. 
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Lemma 0.2. The natural map from the set of solutions of ([|-|^ to the set of solu- 
tions of is bijective. 



Proof. Let a be the minimal number such that m° = 0. We proceed by induction 
on a, so we can assume that a > 2 and the lemma is proved for A/m'^~^. Then 
there exists y{t) € A[tY such that y mod = y and p{x{t),y{t)) G m"-^^[tY; such y 
is unique modulo g^j4[t]' n We have to find z{t) G q^A[ty n m"~^[t]' such 

that pixit),yit) - z{t)) = 0, i.e., Cz{t) = p[x{t),y(t)). where C := ^{x{t),y{t))- 
@ implies that detC = q{t)u{t) for some invertible u € A[t\. So z{t) is unique. 
By (|) p{x{t),y{t)) £ q'-CAlty +q''+^A[tY. But CA[ty D (detC)^[t]' = qA[ty, 
so p{x{t),y{t)) = Cz{t) for some z{t) G q'' A[t\K We have Cz{t) = p{x{t),y{t)) = 
mod m"'~^, so q{t)z{t) = mod m""-*^ and finally q{t) = mod □ 

So the set of ^-deformations of 70 can be identified with the set of solutions 
of the system This system is essentially finite because x{t) is relevant only 

modulo E.g., if r = 1 we can write x{t) as q'^{t)C{t) + x, ^ G x G 

degx < 2d, and consider ^(t), x, q{t), and y to be the unknowns (rather than x{t), 
q{t), y); then becomes a finite system of equations for q, x, y (and ^ is not 

involved in these equations). So C{X)^^ is isomorphic to x Y^, where the k- 
scheme Y of finite type and the point y G Y[k) are defined as follows: for every 
/c-algebra R the set ^ (ii) consists of triples (g, j;, y) where q G is monic of degree 
d, X G R[t]^/{q^), y G i?[t]7(9), detS = mod g, 5 := ||(x,y), p{x,y) = mod g, 

and Bp{x,y) = mod q"^; y G 5:^(A;) corresponds to q = f^, x = x'^{t) mod t^'^, 
y = y°(t) mod t"*. □ 



Remark. The above proof goes back to Finkelberg and Mirkovic [FM|. They 



proved Theorem 0.1 in the particular case that X is the affine closure of G/N, 
where G is a reductive group and N is the unipotent radical of a Borel subgroup 
B C G. Their main idea is to choose an opposite Borel subgroup i?_ C G such that 
the image of 70 has non-empty intersection with the open orbit of B- in X. Our 
proof makes an implicit use of a certain smooth groupoids F^, r > 1, of dimension 
n = dimX acting on X so that there exists a closed r,.-invariant subscheme Y C X 
with the following properties: y C X is defined by one equation, the action of Tr 
on X \ y is transitive, and the image of 70 is not contained in Y. More precisely, 
our X C Spec k[xi, . . . , x„, yi, . . . ,yi] is assumed to be a complete intersection pi = 
. . . = pi = and Q := det I will explicitly describe Tr in a subsequent version 
of this paper; here I am just going to indicate that the corresponding Lie algebroid 
is generated by the vector fields Vi on X such that Vi{xj) = Q^Sij, , 1 < i < n. 
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